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Abstract

The Italian electricity sector undertook a deregulation process start-
ing in the 2004 that has led to overcome the system of vertically
integrated monopoly. This process led to the institution of Power
Exchange (IPEX). The transition had not been simple since the def-
inition of a proper market structure preserving competition is not an
immediate task. In this context, the information provided by demand
elasticity have to be exploited since the elasticity is strictly linked
with the market power measured on the supply side. The work want
to investigate what is the extent of buyer’s elasticity and if buyers can
change their consumption profiles within the day given the rational
expectation of change in price. The research use a Bayesian approach
applying a heteroskedastic SUR regression Model .
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1 The Italian Power Exchange

Electricity industry is a leading industrial sector since it is a fundamental
input for the production processes in any industrialised country. Its strate-
gic importance for economic development and its social and environmental
impact imposes an effective regulation. For this reason it is not surprising
that the electric sector was regulated by public commissions and the tariffs
were kept fixed over long periods of time.

In the last decades liberalization process started in most of the developed
countries, the ownership in the electricity sector became private and industry
has been split up into the different functions.

The liberalization of the electricity sector has led to overcome the sys-
tem of vertically integrated monopoly. Generation and retail functions have
become open to competition.

Transition from state-owned monopolies to competitive markets was not
always smooth and concerns had been raising in many countries; market
structure affects in fact competition and for this reason the design of dereg-
ulated electricity markets offer economists a changeling opportunity. They
have been attempting to design well functioning markets that gives play-
ers the correct incentives to improve production efficiency and limit market
power. In the recent years many economists have focused on the effects that
market design may have on equilibrium prices market power of supplier. The
market structure affects in fact the consumer reactivity to change in price,
that is the elasticity.

As in other international experiences, the creation of the Italian Electric-
ity market (IPEX) responded to two specific requirements:
• promoting competition in electricity generation, sale and purchase, un-

der criteria of neutrality, transparency and objectivity, through the creation
of a market place;
• ensuring the economic management of an adequate availability of an-

cillary services.
The organization and the management of the Italian electricity market

has been entrusted GME. Unlike other European markets, Italian Power Ex-
change is not a purely financial market aimed only to the definition of prices
and quantities, but it is a physical market where injection and withdrawal
profiles are scheduled and really delivered.

The Electricity Market is articulated in the Spot Electricity Market (MPE),
Forward Electricity Market and the Financial Derivatives Market (IDEX).
The Spot Electricity Market is divided into three submarkets:

The Day-Ahead Market (MGP), which is the venue for the trading
of electricity supply offers and demand bids for each hour of the next day.
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All electricity operators may participate in the MGP. GME accepts Offers
and Bids by the merit order, taking into account the current transmission
constraints. Accepted supply offers are remunerated at the Zonal Clearing
Price, while accepted demand bids are remunerated at the National Single
Price (PUN). The accepted Offers/Bids determine the preliminary Injection
and Withdrawal Schedules of each Offer Point for the next day.

The Intra-Day Market (MI), which has replaced the existing Adjust-
ment Market, it is venue for the trading of electricity supply offers and de-
mand bids which modify the Injection and Withdrawal Schedules resulting
from the Day-Ahead Market. GME accepts the Offers and Bids submitted
into the MI by merit order, taking into account the Transmission Limits
remaining after the Day-Ahead Market. Accepted Offers and Bids are remu-
nerated at the Zonal Clearing Price and they Bids modify the preliminary
schedules determining the revised injection and withdrawal schedules for the
next day.

The Ancillary Services Market (MSD) is the venue for the trading of
supply offers and demand bids in respect of ancillary services. This market
is essentially used to acquire resources for relieving intra-zonal congestions,
procuring Reserve Capacity and balancing the injections and withdrawals in
the real time. Participation in the MSD is restricted to units that are autho-
rised to supply ancillary services and to their dispatching users. Participation
in the MSD is mandatory.

We focus on the Day-Ahead Market (MGP) where hourly blocks of elec-
tricity are traded for the next day are negotiated. In this market both the
injection and withdrawal programs for the next day are defined in order to
reach the equilibrium prices and quantities. The MGP is organized according
to an implicit double auction model and the most of the transactions takes
place in this market. The session opens at 8 a.m. on the ninth day before
the delivery-day and closes at 9.15 a.m. on the day before the delivery is
executed.

During the session, market participants submit offers to buy or sell that
indicate the amount of energy and the maximum price (or the lowest price)
at which they are willing to buy (or sell). In particular:

• The offers to buy (BID) represent the willingness to purchase an amount
of energy that does not exceed that specified in the offer at a price no
higher than that reported in the same offer.

• The offers to sell (OFF) express instead the willingness to sell an
amount of energy not greater than that specified in the offer and at
a price not lower than that indicated in the same offer. In the supply

3



side operators can relate offers only to the injection points. If the offer
is accepted, the producer undertakes to enter in the network, in a given
period, the amount of electricity specified in the offer.

Each offer, to sale and purchase, must be consistent with the physical
constraints of the corresponding unit point. The Day-Ahead Market is a
zonal market, reflecting the structure which the national transmission grid
is divided in. Each zone is characterized by an insufficient interconnection
capacity and when a congestion occurs the selling price is zonal differentiated:
selling price is lower in the upstream area of congestion and higher in the
downstream ones. In depth, when the market session closes, the GME starts
the process for the resolution of the market. For each hour of the next day,
the algorithm accepts all the bids and offers in order to maximize the value
of trading, within the limits of maximum transit between zones.

The process of acceptance can be summarized as follows:
All offers to sell are sorted according an ascending price order forming ag-

gregate supply curve,while bids are ordered by descending price order drawing
the aggregate demand curve.

The intersection between the two curves derives the total quantity traded,
the equilibrium price, the accepted BID and OFF.

If electricity flows resulting from the programs do not violate any tran-
sition constraints, the equilibrium price is unique for all the zones. The
accepted offers to sale are those whose sale prices are not higher than the
equilibrium price, while the accepted bids are those whose purchase prices is
not lower than the equilibrium price.

If at least one transmission constraint is violated, sale price are zonal
differentiated and the algorithm starts the so called ”Market Splitting Mech-
anism”. It splits in fact the market into two zones, one for the export, which
includes all zones upstream of the bond, and one for the import, which in-
cludes all areas downstream of the bond, repeating in each of the two areas
the process described above: i.e. it derives in each zone the corresponding
aggregate supply and demand curve. The outcome are two equilibrium zonal
price zone (pz1 and pz2). In particular, pzi is greater in the area of import
and is smaller in the area of export. If, within each zone, the resulting equi-
librium quantities violate further transition constraints, the splitting market
process goes on within the zones in order to obtain an outcome consistent
with the grid constraints.

With regard to the purchase price of electricity, GME has implemented an
algorithm that, given congestion and differentiated zonal sale prices, apply
just a single national purchase price (PUN), that is the average of the zonal
sale prices weighted with the zonal consumptions. The PUN applies only to
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withdrawal points belonging to national geographical areas.
The mechanism of market splitting is an ”implicit auction” for the non-

discriminatory allocation of the transit rights.

2 Theoretical Background

Since the early 1970s, when energy caught the attention of policy makers in
the aftermath of the first oil crisis, research on energy demand has vastly
increased in order to overcome the limited understanding of the nature of
energy demand and demand response due to the presence of external shocks
encountered at that time.

Elasticity, in the energy demand analysis framework, is a feature that
has received particular attention in the studies of consumer preference and
willingness to pay, as in the institutional studies guiding policy decisions
as taxation and welfare. Moreover, the consumer reactivity to changes in
price can express market efficiency. Then, in strategic economic sectors, this
measure can be seen as a tool leading the National Regulators in the market
structure definition processes. Previous empirical studies used data referring
the supply side of electricity market, given the assumption of oligopolistic
market structure, they estimate demand elasticity using residual demand
function. Bigerna et al. (2014a)’s work has been the first Italian study of
electricity demand elasticity using data referring the demand side.

Following this approach, this work estimated demand elasticity using the
same type of data. The main participants in the Italian Electricity wholesale
Market are industrial consumers using power as an input in the production
function to produce goods and services, while residential consumers have a
domestic use of electricity. Industrial agents choose the amount of electricity
input which minimizes their cost function given the technological constraint,
while residential customers are part of optimizing utility function process
given the budget constraint. For this reason our econometric approach will lie
inside the neoclassical framework and will be grounded on rational optimizing
behaviour theory.

Although data available refers only market prices and demand, the duality
approach gives us a theoretical justification, allowing to legitimately switch
from agent’s preference (optimization theory) to market demand (The Mar-
shallian demand) in which quantities are functions of prices and total expen-
diture. We assume all the agent taking part in the MGP rationally behave
minimizing a cost function, (production cost function for industrial buyers
and expenditure function for the residential ones).

Recalling the tradition introduced by Brendt and Wood (Berndt and
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Wood, 1975) the cost function assumed is the trans-log cost function, that is
the the second order approximation of an agent’s cost function. Its general
form can be written as follow:

lnC = α0 +
∑
αi ln pi + 1

2

∑
i

∑
j γij ln pi ln pj + αQ lnQ

+1
2
γQQ(lnQ)2 +

∑
i γQi lnQ ln pi (1)

where C is the total cost, i and j are the inputs (for industrial consumers)
or the other good for residential customers, pi is the factor or good prices, Q
is the objective variable (the objective variable to be maximized: it can be
the output quantity or the consumer’s utility)

This cost function must satisfies certain properties:

• Homogeneous of degree 1 in prices;

• Satisfying all the conditions guaranteeing a well-behaved production
(or utility) function

• Homothetic (separable function of the objective variable and prices).

Minimization problem is usually solved using Lagrangian techniques, lead-
ing to the first order condition:

∂C(Q, p)

∂pi
= hi(Q, p) = qi for all i (2)

Under the given assumptions, solving the problem yields to a demand
functions expressed in terms of prices and the objective variable: qi =
hi(Q, p). These functions are the Hicksian demands or the compensated de-
mand equations because they consider the objective variable Q as a constant
parameter. For empirical works the optimization model need to be linked
to economical model in which quantities are a function of prices and total
expenditure. The duality approach is the theoretical framework allowing to
shift from the production possibility sets (and the system of preferences) to
the market demand function.

Given the convexity of production possibility sets (or convex preferences
for end consumers), the Roy Identity allows to derive Marshallian demand
from the Hicksian demand substituting the objective variable Q in the Hick-
sian demand with the profit function (or the indirect utility function).

First we derive the Minimum Expenditure function and we put it into
profit function or the indirect utility function V (m, p), substituting m with
C(Q, p) evaluated at the optimum level. This lead to the trivial identity:
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V (C(Q, p), p) = Q(m, p) (3)

where Q(m, p) is the utility/profit function of the maximization problem, p
is the price vector and m is the budget constraint. This says that the indirect
profit/utility function V (C(Q, p), p), that minimizes the cost for achieving a
given level of utility given a set of prices, is equal to that utility function u (of
the maximization problem) evaluated at those prices . Taking the derivative
of both sides of this equation with respect to the price of a single input/good
pi (with the Q’s level held constant) gives:

V (C(Q, p), p)

∂Q
· ∂C(Q, p)

∂pi
+
V (C(Q, p), p)

∂pi
= 0 (4)

Rearranging what we obtain is:

∂C(Q, p)

∂pi
= −

V (C(Q,p),p)
∂pi

V (C(Q,p),p)
∂Q

= hi(Q, p) = gi(m, p) (5)

The function gi(m.p) represents the Marshallian demand which expresses
quantity demanded for an input or good as a function of its own price, the
budget constraint and the price of all the other goods.

Given the Marshallian demand function of electricity the multidimen-
sional model need to be reduced into a two dimensional problem. For this
reason, all the other goods and inputs will be bundled in a numeraire good.
The numeraire is evaluated at a price proxied by the monthly consumer price
index (adjusted excluding from its computation the energy consumption).

3 The Statistical Model

With regard to the econometric method, the work used a Bayesian procedure,
whose application in electricity demand analysis represents a novel approach.

Until recently, the Bayesian approach has been in a distinct minority in
the field of econometrics, which has been dominated by the frequentist ap-
proach: computation has been the substantive reason for the minority status
of Bayesian Econometrics. The computing revolution of the last twenty years
has overcome this hurdle allowing to exploit the theoretical and conceptual
elegance of Bayesian Statistics in the empirical studies.

The model uses a log-linear demand function: the dependent variable is
the logarithm of aggregated demand and the explanatory variables are the
corresponding logarithm of prices, adjusted by the monthly consumer index
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price (representing the price of the numeraire) and dummy variables (relative
to the day the zone etc...) which approximate the total expenditure.

Analytically, the model is:

log yi = αi + βi log(
pi
p

) +
∑

γkidki (6)

where yi represents a point of aggregated demand and i index the hour
of the day.

Given this functional form βi represents the hourly elasticity of electricity.
Regressors dki refer both to daily and zone intercept dummies and daily

and zone interaction dummies which allow to derive the hourly elasticity for
each day.

Let divide the day into two groups of hours (peak and off-peak hours),
one ranging from 9 a.m. to 8 p.m. (the time period in which the majority
of consumption and economic activities take place), the second instead goes
from 21 p.m. to 8 a.m.. We expect that participants, within these two groups
of hours can affect the market price sensitivity: setting prices in advanced
gives purchasers the time to react to high prices, postpone their electricity
consumption, reschedule their activities and their demand profiles, flattening
in this way the load curves. Given the differences in the main economics vari-
ables between peak and off-peak hours, we assume that the hourly demands
and the hourly spot prices are correlated within each group. If the derived
peak hour elasticities will be higher than off-peak elasticities, the assumption
of economic agents conditioning market elasticity will be confirmed. On the
other hand, if price responsiveness during peak hours do not significantly
differs from night hour elasticities, we can conclude that purchasers have
small market power and, given their stiff consumption profiles, they can not
influence market equilibrium prices and quantities.

Given this market structure, we apply a Seemingly Unrelated Regression
model. SUR model is a multiple equations regression model, in our case
regression equations are 12, one for each hours.

The SUR can be written as:

ymi = βm1xmi1 + βm2xmi2 + ...+ βmikxmik + εmi (7)

with i = 1, ..., N observations for m = 1, ...,M equations. M represents
the number of hours whose electricity prices and loads are considered corre-
lated). ymi is the ith observation of the dependent variable (the log-demand)
in equation m, xmikm (with k = 1, ..., K) is the ith obeservation of the of ex-
planatory variable of the mth equation and βmk is the k regression coefficient
of the m−th equation.
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Model can be written in a compact form. Let denote ym = (ym1, ..., ymN)′, εm =
(εm1, ..., εmN)′

β =


β1

β2

.

.
βM


Xm =

[
x′m1 x′m2 . . x′mkm

]
and define k =

∑M
m=1 km.

Stack all vectors together as:

y =


y1
y2
.
.
yM



ε =


ε1
ε2
.
.
εM



X =


X1

X2

.

.
XM


the model obtained takes the following form:

y = Xβ + ε

The SUR model can be written as a familiar linear regression model. If we
assume εim to be i.i.d N(0, σ2) for all i and all m, the model would simply
turn into the normal linear regression model. However, we have assumed
that market participants can reprogramming their activities and reschedule
their demand profiles (within the group of hours) if they suppose changes in
electricity prices. Therefore, εi must be i.i.d. N(0,Σi) just for i = 1, ..., N
where Σi is an M ×M full variance covariance matrix.

Since observations refer to different hours, heteroskedasticity can be a
plausible assumption to be explored: each hour is characterized by different
price volatility and variability in the load which can be included in the model.
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In this work we assume:

1. For each equation the error terms εj, j = 1, ...,m have a multivariate
normal distribution with zero mean and covariance matrix Σj that is a
positive definite matrix.

2. All elements of X remain fixed (i.e. are not random variables).

Heteroskedasticity refers to a model where the covariance matrix of the
error terms are different across equations, that is, in the block diagonal matrix
Ω, the non-null matrix are different from each other:

V ar(ε) = Ω =


Σ1 0 ... 0
0 Σ2 ... 0
... ... ... ...
0 0 ... Σm

 =


h−1 × Λ1 ... 0

0 ... 0
... ... ...
0 ... h−1 × Λm

 = Λ−1

(8)
The matrix is written in terms of precision, substituting for Σj the terms

h−1 × Λ−1j for all j = 1, ...,m where h is the precision (the inverse of the
variance σ2 = h−1). Moreover, we manage a hierarchical model, since we
assume that we do not know the values assumed by the elements of the
Ωi matrices. This model allows to free up the normality assumption, since
unknown heteroskedasticity is equivalent to a linear regression model with
Student-t errors.

Bayesian technique imposes to set Prior distributions for all parameters
of interest, then, the next step will be to choose adequate prior distribution
for βs parameters.

3.1 The transformed model

Before discussing the prior and posterior and the computational issues, gen-
eral results of the model are presented. Since Ω is a positive definite matrix,
Cholesky decomposition can be applied, then it exist a (Nm×Nm) matrix
P with the property that PΩP ′ = INm.

Given the model:

y = Xβ + ε (9)

with ε ∼ N(0, h−1 × Ω)
if we multiply both sides of the previous equation by P , we obtain the

transformed model

10



y∗ = X∗β + ε∗ (10)

where y∗ = Py, X∗ = PX and ε∗ = Pε. It can be verified that
ε∗ ∼ N(0, INm). Hence the transformed model falls again into the stan-
dard Normal linear regression model. There are two important implications
to be discussed.

Using the properties of the multivariate Normal distribution, the likeli-
hood function of transformed model can be seen to be:

p(y|β, h,Λ) =
h
Nm
2

(2π)
N·m
2

|Λ|
1
2 exp

[
−h

2
(y −Xβ)′Λ(y −Xβ)

]
=

h
Nm
2

(2π)
N·m
2

exp

[
−h

2
(y∗ −X∗β)′(y∗ −X∗β)

]
(11)

Usually Bayesian technique suggests to use natural conjugate priors, mak-
ing the β’s distribution be dependent Ω, in this way the joint posterior dis-
tribution would become: p(β,Ω) = p(β|Ω)p(Ω). This joint prior has the
advantage to derive analytically tractable joint posterior distributions whose
main summary statistics are available, sparing in this way the use of poste-
rior simulator: However, the natural conjugate prior for the SUR model has
been found by many to be too restrictive. The prior covariances between
coefficients in each pair of equations are in fact all proportional to the same
matrix. For this reason, following the mainstream literature, here I apply the
extended version of the natural conjugate prior: the independent Normal -
Wishart prior:

p(β) = N(β, V ) (12)

p(h) = G(ν0, s
−2
0 ) (13)

Moreover, we assume that β and h have distributions independent on Ω,
whose prior will be defined later.

p(β, h,Λ) = p(β)p(h)p(Λ) (14)

Prior hyperparameter elicitation comes from the previous empirical study
of Bigerna et al. (2014b). Then, for the beta parameters I used a Normal
Prior distribution centered on the frequentist hourly estimates referring to
the previous year (2010).
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The joint posterior distribution of all parameters is, as always, the likeli-
hood function times the priors:

p(β, h,Λ|y) ∝ p(Λ)×

exp

{[
−h

2
(y∗ −X∗β)′(y∗ −X∗β)

]}
× exp

{
−1

2
(β − β0)

′V −10 (β − β0)

}
(15)

×h
1
2
(Nm+ν0−2) exp

[
− hν0

2s−2

]
It is not ascribable to a well-known functional form. However, functional

form of the full conditional posterior distributions are known: the full con-
ditional for β is a Normal:

β|y, h,Λ ∼ N(βn, Vn) (16)

where:

Vn = (V −10 + hXΛ−1X)−1 (17)

and

βn = Vn(V −10 β0 + hXΛ−1Xβ̂(Λ)) (18)

with
β̂(Λ) = (X∗′X∗)−1X∗′y∗ = (X ′ΛX)−1X ′Λy (19)

The posterior distribution of h conditional on the other parameters in the
model is a Gamma:

h|y, β,Λ ∼ G(s−2n , νn) (20)

where:

νn = Nm+ ν0 (21)

and

s2n =
(y −Xβ)′Λ−1(y −Xβ) + ν0s

2
0

νn
(22)

Conditioning on Λ, the two full conditional distributions for β and h com-
bine data and prior information. Given Λ, the full conditional distributions of
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β and h are ascribable to a well-known analytical form, as in the traditional
linear model, the Gibbs Sampling algorithm can exploit this two densities
and constructs a stationary Markov Chain. The first part of simulation pro-
cedure has been defined. However, the full conditional posterior of Λ does not
take any recognizable form, then the joint posterior distribution p(β, h,Λ|y)
keeps remaining un-tractable since p(β, h,Λ|y) 6= p(β, h|Λ, y) · p(Λ|β, h, y) .
The inference related to the random parameters β, h and Λ has not been
possible yet: the prior distribution for Λ needs to be investigated in order to
design the second component of simulation.

When Λ is an unknown parameter, the elements of the matrix Ω in (8)
become random variables. The treatment of heteroskedasticity of unknown
form is a challenging task and involves the use of a hierarchical prior.

Introducing unknown heteroskedasticity increases the number of param-
eters to be estimated; if we treat Λ1, ...,Λm as completely independent and
unrestricted matrices, we would not have enough observations to estimate
each one of them. For this reason the exchangebility of Λi becomes an as-
sumption essential to deal with this high dimensional model. The prior for
Λ becomes:

p(Λ) =
m∏
j=1

fW (Λj|Λ0, νλ) (23)

which states that Λjs are different from one another but they are i.i.d.
draws from the same Wishart distribution (the hierarchical prior). The hier-
archical prior imposes a structure to the model that preserves flexibility and
makes estimation be possible. The use of a Wishart prior distribution allows
to turn out a linear regression model with i.i.d. Student-t error terms with
νλ > m degrees of freedom.

In other words :

εi|Λ−1i ∼ N(0, σ2
iΛ
−1
i ) (24)

Λi ∼ W (Λ0, νλ) (25)

εi ∼ t(0, σ2, νλ) (26)

The model becomes more flexible since Student-t distribution that is a
more general class of distributions that includes Normal density as a special
case (occurring when the degrees of freedom νλ tent to infinity).

Our treatment of unknown heteroskedasticity is equivalent to a scale mix-
ture of Normal. The error terms εi are distributed according to a mixture of
m different normal distributions. That is:
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εi =
∑
j

eij

(
αr + (Hj)

−1/2 ηij

)
(27)

where ηij is i.i.d N(0, Im) for i = 1, ..., N, j = 1...J and eij, αj and Hj are all
parameters. The eij is a dichotomous random variable and indicates which
distribution component in the mixture the ith error is drawn from.

eij =

{
1

0

if εj ∼ N(αj, Hj)

otherwise
(28)

Since it is unknown which component the ith error is drawn from, we
define pj = P (eij = 1) for j = 1, ...,m the probability of the error being
drawn from the jth component in the mixture. Formally it means that eij
are i.i.d draws from a Multinomial distribution

ei ∼M(1, p) (29)

where p = (p1...pm)′ is the probability vector p.
The assumption that Λi follows a Wishart distribution and that, given Λi,

the errors are independent Normal (0, h−1Λ−1i ) is equivalent to the assump-
tion that the distribution of error term ε is a weighted average of Normals
having different variances but the same means (i.e. all errors have mean
equal to zero). When we mix the error terms’ normal distributions using
fW (Λi|Λ0, νλ), they end up to be equal to the Student-t distribution. In-
tuitively, assuming that a Normal model is too restrictive, a more flexible
distribution taking a mixture (the weighted average) of Normals can be cre-
ated. As more and more Normals are mixed, as the distribution becomes
more and more flexible and can approximate any distribution with high de-
gree of freedom. Mixtures of Normal are powerful tool to be used when
economic theory does not suggest any particular form of likelihood function
and you wish to be more flexible.

However, this model uses a finite mixture of Normal and it cannot be
considered non-parametric in the sense that it can not accomodate any dis-
tribution, it is ”just an extremely flexible modelling strategy” (Koop et al.,
2007).

Parameter νλ is not known and Bayesian framework imposes to define a
prior distribution p(νλ). The prior of λ is specified in two steps, firstly we

specify p(Λ|νλ) =
N∏
i=1

fW (Λi|Λ0, νλ), secondly we define p(νλ); in this way

these two steps refer to a hierarchical prior model. p(Λ|νλ) and p(νλ) are the
features necessary to design the second part of the simulation procedure.
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Let it focus on p(Λ|y, β, h, νλ) and p(νλ|y, β, h,Λ).

p(Λ|y, β, h, νλ) =
N∏
i=1

p(Λi|y, β, h, νλ) (30)

where

p(Λi|y, β, h, νλ) = W
(

(νλ +m) [h(εiε
′
i)]
−1

+ νλ, νλ +m
)

(31)

Conditional on β, εi can be calculated and hence also the parameters of
the Gamma density can be sampled within the Gibbs sampler.

Problems arise in the derivation of full conditional posterior for νλ. Since
νλ is positive we assume as a prior an exponential distribution that is a
gamma with two degree of freedom:

p(νλ) = G(ν0, 2) (32)

Then, the full conditional posterior is:

p(νλ|y, β, h,Λ) = p(νλ|Λ) ∝ p(Λ|νλ)p(νλ)1 (33)

The kernel of the posterior conditional of νλ is simply (30) times (32):

p(νλ|Λ) ∝ p(Λ|νλ)p(νλ)

∝
(νλ

2

)Nνλ
2

Γ
(νλ

2

)−N
exp(−ηνλ) (34)

where

η =
1

ν0
+

1

2

N∑
i=1

[
ln |Λ|−1i ) + tr|Λ−10 Λi

]
(35)

The density derived in (34) is not again a standard one, so algorithm for
the posterior simulation of the degree of freedom need to be performed. The
simulation strategy is the following:

• Use Random-Walk-Metropolis-Hastings to simulate a sample from p(νλ|Λ).

• Given νλ, run Gibbs Sampling simulating p(β, h,Λ, νλ|y) using the
{νtλ} sample, p(β|y, h,Λ) in (16) and p(h|y, β,Λ) in (20).

1Since νλ does not eneter in the likelihood p(νλ|y, β, h, λ) = p(νλ|λ).
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The candidate generating function is q(ν
(s−1)
λ ; ν∗λ) = N([ν∗λ− ν

(s−1)
λ ], 0.2) and

number of replications are set equal to 11000.
Setting the number of replication equal to 11000 guarantees that the

chain takes enough steps to cover all the parameter space, diagnsotic proce-
dure shows satisfactory results: the convergence diagnostic tests performed
do not refuse the null hypotesis of convergence to the posterior density. Af-

ter discarding the first 1000 realizations, the chain
{
βi, hi, νiλ

}11000
i=1001

. The
sequence simulate a sample from the posterior p(β, h,Λ, νλ|y).

4 Empirical Results

Data refers GME daily data for the 2011 and they had been collected in
monthly dataset starting from January 2011 to December 2011. Each monthly
dataset accounts for 1.5 millions of raw observations and Bid pertaining the
demand side are about 400-450 thousand observations, the 20-25% of the to-
tal amount of offers. In each hour of the two years I ranked the bids according
to the merit order (price descending order); I included also the rejected bids
in order to have the estimation of elasticities relative to the prices of de-
mand curve lower than equilibrium price. These latter elasticities represent
in fact the real responsiveness to change in price of purchaser less incline to
buy. Then, I aggregated all inelastic bids (bids with submitted price equal
to 3000), computing in this way the market point of demand corresponding
to the intercept. Finally I derived the remaining downward sloping market
demand curve by horizontal sum of bids characterized by the same price.

At the end of the procedure each monthly Dataset accounts for a sample
size ranging from 15558 observations in February to 23148 observations in
November 2011. For each system of equations we derive the hourly-elasticity
for each day of the month by simply adjusting the coefficient related to the
log-price regressors through the coefficient related to the daily (iteration)
dummy variables. In this way we have derived all beta elasticity for each
hour and each day.

In order to have some statistical summaries we aggregated the later es-
timates in the hourly average elasticity for each month 2. Firstly, it can be
noticed that average elasticities vary within the hours of the day. In 2011
estimates go from a minimum value of from -0.14, recorded in September to
-0.0360 recorded in November Moreover, allowing the variance to differ across
observations of the same equations has led the peak hour elasticities to be,
on average, higher than off-peak ones. The model confirms the Bollino and

2For a comparison with estimates derived using an Homoskedastic model see D’Errico
and Bollino (2015)
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Bigerna’s results. Comparing to the off-peak estimates, peak hour elasticities
show higher variability, going from -0.14 to -0.0484, while the off-peak ones
vary between -0.070 and -0.0359. Secondly, in 2011 elasticities are higher
during the off-peak hours. In the peak hours period, electricity quantities
traded are greater than the average as it is shown by the previous tables and
confirmed by high frequency of congestion.

[Table 1 - Table 2 here]

As regards to zone segmentation, we computed average elasticities within
the group of hours having the same number of zone segmentation after con-
gestion. Estimates shows that during Peak hours higher elasticities has in
fact been recorded when the single market occurred. When the transmis-
sion constraints are violated, elasticity becomes lower and this is particular
evident during the peak hours. High levels of demand causing congestion re-
duces the responsiveness to change in price. Moreover, frequent congestions
during peak hour may suggest that electricity is an essential commodity
whose demand is stiff and whose consumption can not be postponed.

Off-peak estimates instead, do not show a well defined behaviour. During
off-peak hours electricity is allocated essentially for domestic uses and it
means that in this model end-consumers have take the same behaviour with
respect to market segmentation and the risk of congestion.

Elasticities aggregated by PUN percentiles are higher when lower levels
of price have been recorded. Lower price levels mean low quantities traded
and lower income levels. Then, as I said before, consumers with limited
expenditure availability (referring essentially to domestic user) have more
flexible behaviour given changes in price.

[Table 3 - Table 5 here]

The decomposition of average elasticities between peak and off-peak hours
shows that within peak hours, the lower elasticities were recorded when both
single market and maximum segmentation market (four zone division) oc-
curred. The lowest average elasticity was recorded in the presence of maxi-
mum segmentation of national market that gives evidence of higher levels of
demand and income. As we said before, high levels of expenditure availabil-
ity affect demand elasticity reducing the responsiveness to change in price.
Moreover, congestions during the peak hours may suggest that electricity is
an essential commodity whose demand is stiff and whose consumption can
not be postponed.

[Table 6 - Table 10 here]

17



5 Conclusions

The models proposed highlights that buyers in the Italian Wholesale Elec-
tricity Market react to change in price since the estimated elasticities are
different from zero.

Moreover, the estimates differ from one another during the day, on the
strenght of the level of electricity loads, the market segmentation structure
and the levels of PUN.

In the Heteroskedastic Multivariate Linear Model, the elasticities recorded
during peak hours are higher than Off-Peak estimates. Moreover buyers man-
tain their higher reactivity to changes in price when there is not congestion
and when PUN records low values.

Further development of the research may be the application of the het-
eroskedastic model to the more recent data (from 2012 to 2015). Moreover,
also the computational part can be implemented. Heteroskedastic model
represents a novel in the empirical analyses, but the multi-dimension of the
inferential problem made the construction of the algorithm the most chal-
lenging task of my thesis. The heteroskedastic model designs for empirical
data a statistical framework rigorous and detailed. However, posterior simu-
lation requires the discretional choice of the proposal density and the tuning
of its parameters, first of all the variance, affecting the behaviour of the chain
and the resulting posterior. Running the procedure with other parameters
and alternative functional forms of the candidate generating density could be
a possible development in order to make a comparison between the different
derived estimates.
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6 Tables

Tab. 1: Hourly Average Elasticity. 2011.

Tab. 2: Average Elasticity by Quarter. 2011.
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Tab. 3: Monthly Peak Average Elsticity by PUN Percentile. Jan.-Jun.2011

Tab. 4: Monthly Average Elsticity by PUN Percentile. Jul.-Dec.2011

Tab. 5: Average Elsticity by PUN Percentile. 2011
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Tab. 6: Average Elasticity by Zone Segmentation. 2011.

Tab. 7: Average Peak Elasticity by Zone Segmentation. Jan.-Jun. 2011.

Tab. 8: Average Peak Elasticity by Zone Segmentation. Jul.-Dec. 2011.

21



Tab. 9: Average Off-Peak Elasticity by Zone Segmentation. Jan.-Jun. 2011.

Tab. 10: Average Off-Peak Elasticity by Zone Segmentation. Jul.-Dec. 2011.
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1 The Italian Power Exchange

Electricity industry is a leading industrial sector since it is a fundamental
input for the production processes in any industrialised country. Its strate-
gic importance for economic development and its social and environmental
impact imposes an effective regulation. For this reason it is not surprising
that the electric sector was regulated by public commissions and the tariffs
were kept fixed over long periods of time.

In the last decades liberalization process started in most of the developed
countries, the ownership in the electricity sector became private and industry
has been split up into the different functions.

The liberalization of the electricity sector has led to overcome the sys-
tem of vertically integrated monopoly. Generation and retail functions have
become open to competition.

Transition from state-owned monopolies to competitive markets was not
always smooth and concerns had been raising in many countries; market
structure affects in fact competition and for this reason the design of dereg-
ulated electricity markets offer economists a changeling opportunity. They
have been attempting to design well functioning markets that gives play-
ers the correct incentives to improve production efficiency and limit market
power. In the recent years many economists have focused on the effects that
market design may have on equilibrium prices market power of supplier. The
market structure affects in fact the consumer reactivity to change in price,
that is the elasticity.

As in other international experiences, the creation of the Italian Electric-
ity market (IPEX) responded to two specific requirements:
• promoting competition in electricity generation, sale and purchase, un-

der criteria of neutrality, transparency and objectivity, through the creation
of a market place;
• ensuring the economic management of an adequate availability of an-

cillary services.
The organization and the management of the Italian electricity market

has been entrusted GME. Unlike other European markets, Italian Power Ex-
change is not a purely financial market aimed only to the definition of prices
and quantities, but it is a physical market where injection and withdrawal
profiles are scheduled and really delivered.

The Electricity Market is articulated in the Spot Electricity Market (MPE),
Forward Electricity Market and the Financial Derivatives Market (IDEX).
The Spot Electricity Market is divided into three submarkets:

The Day-Ahead Market (MGP), which is the venue for the trading
of electricity supply offers and demand bids for each hour of the next day.
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All electricity operators may participate in the MGP. GME accepts Offers
and Bids by the merit order, taking into account the current transmission
constraints. Accepted supply offers are remunerated at the Zonal Clearing
Price, while accepted demand bids are remunerated at the National Single
Price (PUN). The accepted Offers/Bids determine the preliminary Injection
and Withdrawal Schedules of each Offer Point for the next day.

The Intra-Day Market (MI), which has replaced the existing Adjust-
ment Market, it is venue for the trading of electricity supply offers and de-
mand bids which modify the Injection and Withdrawal Schedules resulting
from the Day-Ahead Market. GME accepts the Offers and Bids submitted
into the MI by merit order, taking into account the Transmission Limits
remaining after the Day-Ahead Market. Accepted Offers and Bids are remu-
nerated at the Zonal Clearing Price and they Bids modify the preliminary
schedules determining the revised injection and withdrawal schedules for the
next day.

The Ancillary Services Market (MSD) is the venue for the trading of
supply offers and demand bids in respect of ancillary services. This market
is essentially used to acquire resources for relieving intra-zonal congestions,
procuring Reserve Capacity and balancing the injections and withdrawals in
the real time. Participation in the MSD is restricted to units that are autho-
rised to supply ancillary services and to their dispatching users. Participation
in the MSD is mandatory.

We focus on the Day-Ahead Market (MGP) where hourly blocks of elec-
tricity are traded for the next day are negotiated. In this market both the
injection and withdrawal programs for the next day are defined in order to
reach the equilibrium prices and quantities. The MGP is organized according
to an implicit double auction model and the most of the transactions takes
place in this market. The session opens at 8 a.m. on the ninth day before
the delivery-day and closes at 9.15 a.m. on the day before the delivery is
executed.

During the session, market participants submit offers to buy or sell that
indicate the amount of energy and the maximum price (or the lowest price)
at which they are willing to buy (or sell). In particular:

• The offers to buy (BID) represent the willingness to purchase an amount
of energy that does not exceed that specified in the offer at a price no
higher than that reported in the same offer.

• The offers to sell (OFF) express instead the willingness to sell an
amount of energy not greater than that specified in the offer and at
a price not lower than that indicated in the same offer. In the supply
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side operators can relate offers only to the injection points. If the offer
is accepted, the producer undertakes to enter in the network, in a given
period, the amount of electricity specified in the offer.

Each offer, to sale and purchase, must be consistent with the physical
constraints of the corresponding unit point. The Day-Ahead Market is a
zonal market, reflecting the structure which the national transmission grid
is divided in. Each zone is characterized by an insufficient interconnection
capacity and when a congestion occurs the selling price is zonal differentiated:
selling price is lower in the upstream area of congestion and higher in the
downstream ones. In depth, when the market session closes, the GME starts
the process for the resolution of the market. For each hour of the next day,
the algorithm accepts all the bids and offers in order to maximize the value
of trading, within the limits of maximum transit between zones.

The process of acceptance can be summarized as follows:
All offers to sell are sorted according an ascending price order forming ag-

gregate supply curve,while bids are ordered by descending price order drawing
the aggregate demand curve.

The intersection between the two curves derives the total quantity traded,
the equilibrium price, the accepted BID and OFF.

If electricity flows resulting from the programs do not violate any tran-
sition constraints, the equilibrium price is unique for all the zones. The
accepted offers to sale are those whose sale prices are not higher than the
equilibrium price, while the accepted bids are those whose purchase prices is
not lower than the equilibrium price.

If at least one transmission constraint is violated, sale price are zonal
differentiated and the algorithm starts the so called ”Market Splitting Mech-
anism”. It splits in fact the market into two zones, one for the export, which
includes all zones upstream of the bond, and one for the import, which in-
cludes all areas downstream of the bond, repeating in each of the two areas
the process described above: i.e. it derives in each zone the corresponding
aggregate supply and demand curve. The outcome are two equilibrium zonal
price zone (pz1 and pz2). In particular, pzi is greater in the area of import
and is smaller in the area of export. If, within each zone, the resulting equi-
librium quantities violate further transition constraints, the splitting market
process goes on within the zones in order to obtain an outcome consistent
with the grid constraints.

With regard to the purchase price of electricity, GME has implemented an
algorithm that, given congestion and differentiated zonal sale prices, apply
just a single national purchase price (PUN), that is the average of the zonal
sale prices weighted with the zonal consumptions. The PUN applies only to
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withdrawal points belonging to national geographical areas.
The mechanism of market splitting is an ”implicit auction” for the non-

discriminatory allocation of the transit rights.

2 Theoretical Background

Since the early 1970s, when energy caught the attention of policy makers in
the aftermath of the first oil crisis, research on energy demand has vastly
increased in order to overcome the limited understanding of the nature of
energy demand and demand response due to the presence of external shocks
encountered at that time.

Elasticity, in the energy demand analysis framework, is a feature that
has received particular attention in the studies of consumer preference and
willingness to pay, as in the institutional studies guiding policy decisions
as taxation and welfare. Moreover, the consumer reactivity to changes in
price can express market efficiency. Then, in strategic economic sectors, this
measure can be seen as a tool leading the National Regulators in the market
structure definition processes. Previous empirical studies used data referring
the supply side of electricity market, given the assumption of oligopolistic
market structure, they estimate demand elasticity using residual demand
function. Bigerna and Bollino’s work [7] has been the first Italian study of
electricity demand elasticity using data referring the demand side.

Following this approach, this work estimated demand elasticity using the
same type of data. The main participants in the Italian Electricity wholesale
Market are industrial consumers using power as an input in the production
function to produce goods and services, while residential consumers have a
domestic use of electricity. Industrial agents choose the amount of electricity
input which minimizes their cost function given the technological constraint,
while residential customers are part of optimizing utility function process
given the budget constraint. For this reason our econometric approach will lie
inside the neoclassical framework and will be grounded on rational optimizing
behaviour theory.

Although data available refers only market prices and demand, the duality
approach gives us a theoretical justification, allowing to legitimately switch
from agent’s preference (optimization theory) to market demand (The Mar-
shallian demand) in which quantities are functions of prices and total expen-
diture. We assume all the agent taking part in the MGP rationally behave
minimizing a cost function, (production cost function for industrial buyers
and expenditure function for the residential ones).

Recalling the tradition introduced by Brendt and Wood [8] the cost func-
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tion assumed is the trans-log cost function, that is the the second order
approximation of an agent’s cost function. Its general form can be written
as follow:

lnC = α0 +
∑
αi ln pi + 1

2

∑
i

∑
j γij ln pi ln pj + αQ lnQ

+1
2
γQQ(lnQ)2 +

∑
i γQi lnQ ln pi (1)

where C is the total cost, i and j are the inputs (for industrial consumers)
or the other good for residential customers, pi is the factor or good prices, Q
is the objective variable (the objective variable to be maximized: it can be
the output quantity or the consumer’s utility)

This cost function must satisfies certain properties:

• Homogeneous of degree 1 in prices;

• Satisfying all the conditions guaranteeing a well-behaved production
(or utility) function

• Homothetic (separable function of the objective variable and prices).

Minimization problem is usually solved using Lagrangian techniques, lead-
ing to the first order condition:

∂C(Q, p)

∂pi
= hi(Q, p) = qi for all i (2)

Under the given assumptions, solving the problem yields to a demand
functions expressed in terms of prices and the objective variable: qi =
hi(Q, p). These functions are the Hicksian demands or the compensated de-
mand equations because they consider the objective variable Q as a constant
parameter. For empirical works the optimization model need to be linked
to economical model in which quantities are a function of prices and total
expenditure. The duality approach is the theoretical framework allowing to
shift from the production possibility sets (and the system of preferences) to
the market demand function.

Given the convexity of production possibility sets (or convex preferences
for end consumers), the Roy Identity allows to derive Marshallian demand
from the Hicksian demand substituting the objective variable Q in the Hick-
sian demand with the profit function (or the indirect utility function).

First we derive the Minimum Expenditure function and we put it into
profit function or the indirect utility function V (m, p), substituting m with
C(Q, p) evaluated at the optimum level. This lead to the trivial identity:

6



V (C(Q, p), p) = Q(m, p) (3)

where Q(m, p) is the utility/profit function of the maximization problem, p
is the price vector and m is the budget constraint. This says that the indirect
profit/utility function V (C(Q, p), p), that minimizes the cost for achieving a
given level of utility given a set of prices, is equal to that utility function u (of
the maximization problem) evaluated at those prices . Taking the derivative
of both sides of this equation with respect to the price of a single input/good
pi (with the Q’s level held constant) gives:

V (C(Q, p), p)

∂Q
· ∂C(Q, p)

∂pi
+
V (C(Q, p), p)

∂pi
= 0 (4)

Rearranging what we obtain is:

∂C(Q, p)

∂pi
= −

V (C(Q,p),p)
∂pi

V (C(Q,p),p)
∂Q

= hi(Q, p) = gi(m, p) (5)

The function gi(m.p) represents the Marshallian demand which expresses
quantity demanded for an input or good as a function of its own price, the
budget constraint and the price of all the other goods.

Given the Marshallian demand function of electricity the multidimen-
sional model need to be reduced into a two dimensional problem. For this
reason, all the other goods and inputs will be bundled in a numeraire good.
The numeraire is evaluated at a price proxied by the monthly consumer price
index (adjusted excluding from its computation the energy consumption).

3 The Statistical Model

With regard to the econometric method, the work used a Bayesian procedure,
whose application in electricity demand analysis represents a novel approach.

Until recently, the Bayesian approach has been in a distinct minority in
the field of econometrics, which has been dominated by the frequentist ap-
proach: computation has been the substantive reason for the minority status
of Bayesian Econometrics. The computing revolution of the last twenty years
has overcome this hurdle allowing to exploit the theoretical and conceptual
elegance of Bayesian Statistics in the empirical studies.

The model uses a log-linear demand function: the dependent variable is
the logarithm of aggregated demand and the explanatory variables are the
corresponding logarithm of prices, adjusted by the monthly consumer index

7



price (representing the price of the numeraire) and dummy variables (relative
to the day the zone etc...) which approximate the total expenditure.

Analytically, the model is:

log yi = αi + βi log(
pi
p

) +
∑

γkidki (6)

where yi represents a point of aggregated demand and i index the hour
of the day.

Given this functional form βi represents the hourly elasticity of electricity.
Regressors dki refer both to daily and zone intercept dummies and daily

and zone interaction dummies which allow to derive the hourly elasticity for
each day.

Let divide the day into two groups of hours (peak and off-peak hours),
one ranging from 9 a.m. to 8 p.m. (the time period in which the majority
of consumption and economic activities take place), the second instead goes
from 21 p.m. to 8 a.m.. We expect that participants, within these two groups
of hours can affect the market price sensitivity: setting prices in advanced
gives purchasers the time to react to high prices, postpone their electricity
consumption, reschedule their activities and their demand profiles, flattening
in this way the load curves. Given the differences in the main economics vari-
ables between peak and off-peak hours, we assume that the hourly demands
and the hourly spot prices are correlated within each group. If the derived
peak hour elasticities will be higher than off-peak elasticities, the assumption
of economic agents conditioning market elasticity will be confirmed. On the
other hand, if price responsiveness during peak hours do not significantly
differs from night hour elasticities, we can conclude that purchasers have
small market power and, given their stiff consumption profiles, they can not
influence market equilibrium prices and quantities.

Given this market structure, we apply a Seemingly Unrelated Regression
model. SUR model is a multiple equations regression model, in our case
regression equations are 12, one for each hours.

The SUR can be written as:

ymi = βm1xmi1 + βm2xmi2 + ...+ βmikxmik + εmi (7)

with i = 1, ..., N observations for m = 1, ...,M equations. M represents
the number of hours whose electricity prices and loads are considered corre-
lated). ymi is the ith observation of the dependent variable (the log-demand)
in equation m, xmikm (with k = 1, ..., K) is the ith obeservation of the of ex-
planatory variable of the mth equation and βmk is the k regression coefficient
of the m−th equation.
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Model can be written in a compact form. Let denote ym = (ym1, ..., ymN)′, εm =
(εm1, ..., εmN)′

β =


β1

β2

.

.
βM


Xm =

[
x′m1 x′m2 . . x′mkm

]
and define k =

∑M
m=1 km.

Stack all vectors together as:

y =


y1
y2
.
.
yM



ε =


ε1
ε2
.
.
εM



X =


X1

X2

.

.
XM


the model obtained takes the following form:

y = Xβ + ε

The SUR model can be written as a familiar linear regression model. If we
assume εim to be i.i.d N(0, σ2) for all i and all m, the model would simply
turn into the normal linear regression model. However, we have assumed
that market participants can reprogramming their activities and reschedule
their demand profiles (within the group of hours) if they suppose changes in
electricity prices. Therefore, εi must be i.i.d. N(0,Σi) just for i = 1, ..., N
where Σi is an M ×M full variance covariance matrix.

Since observations refer to different hours, heteroskedasticity can be a
plausible assumption to be explored: each hour is characterized by different
price volatility and variability in the load which can be included in the model.
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In this work we assume:

1. For each equation the error terms εj, j = 1, ...,m have a multivariate
normal distribution with zero mean and covariance matrix Σj that is a
positive definite matrix.

2. All elements of X remain fixed (i.e. are not random variables).

Heteroskedasticity refers to a model where the covariance matrix of the
error terms are different across equations, that is, in the block diagonal matrix
Ω, the non-null matrix are different from each other:

V ar(ε) = Ω =


Σ1 0 ... 0
0 Σ2 ... 0
... ... ... ...
0 0 ... Σm

 =


h−1 × Λ1 ... 0

0 ... 0
... ... ...
0 ... h−1 × Λm

 = Λ−1

(8)
The matrix is written in terms of precision, substituting for Σj the terms

h−1 × Λ−1j for all j = 1, ...,m where h is the precision (the inverse of the
variance σ2 = h−1). Moreover, we manage a hierarchical model, since we
assume that we do not know the values assumed by the elements of the
Ωi matrices. This model allows to free up the normality assumption, since
unknown heteroskedasticity is equivalent to a linear regression model with
Student-t errors.

Bayesian technique imposes to set Prior distributions for all parameters
of interest, then, the next step will be to choose adequate prior distribution
for βs parameters.

3.1 The transformed model

Before discussing the prior and posterior and the computational issues, gen-
eral results of the model are presented. Since Ω is a positive definite matrix,
Cholesky decomposition can be applied, then it exist a (Nm×Nm) matrix
P with the property that PΩP ′ = INm.

Given the model:

y = Xβ + ε (9)

with ε ∼ N(0, h−1 × Ω)
if we multiply both sides of the previous equation by P , we obtain the

transformed model
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y∗ = X∗β + ε∗ (10)

where y∗ = Py, X∗ = PX and ε∗ = Pε. It can be verified that
ε∗ ∼ N(0, INm). Hence the transformed model falls again into the stan-
dard Normal linear regression model. There are two important implications
to be discussed.

Using the properties of the multivariate Normal distribution, the likeli-
hood function of transformed model can be seen to be:

p(y|β, h,Λ) =
h
Nm
2

(2π)
N·m
2

|Λ|
1
2 exp

[
−h

2
(y −Xβ)′Λ(y −Xβ)

]
=

h
Nm
2

(2π)
N·m
2

exp

[
−h

2
(y∗ −X∗β)′(y∗ −X∗β)

]
(11)

Usually Bayesian technique suggests to use natural conjugate priors, mak-
ing the β’s distribution be dependent Ω, in this way the joint posterior dis-
tribution would become: p(β,Ω) = p(β|Ω)p(Ω). This joint prior has the
advantage to derive analytically tractable joint posterior distributions whose
main summary statistics are available, sparing in this way the use of poste-
rior simulator: However, the natural conjugate prior for the SUR model has
been found by many to be too restrictive. The prior covariances between
coefficients in each pair of equations are in fact all proportional to the same
matrix. For this reason, following the mainstream literature, here I apply the
extended version of the natural conjugate prior: the independent Normal -
Wishart prior:

p(β) = N(β, V ) (12)

p(h) = G(ν0, s
−2
0 ) (13)

Moreover, we assume that β and h have distributions independent on Ω,
whose prior will be defined later.

p(β, h,Λ) = p(β)p(h)p(Λ) (14)

Prior hyperparameter elicitation comes from the previous empirical study
of Bigerna & Bollino [7]. Then, for the beta parameters I used a Normal
Prior distribution centered on the frequentist hourly estimates referring to
the previous year (2010).
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The joint posterior distribution of all parameters is, as always, the likeli-
hood function times the priors:

p(β, h,Λ|y) ∝ p(Λ)×

exp

{[
−h

2
(y∗ −X∗β)′(y∗ −X∗β)

]}
× exp

{
−1

2
(β − β0)

′V −10 (β − β0)

}
(15)

×h
1
2
(Nm+ν0−2) exp

[
− hν0

2s−2

]
It is not ascribable to a well-known functional form. However, functional

form of the full conditional posterior distributions are known: the full con-
ditional for β is a Normal:

β|y, h,Λ ∼ N(βn, Vn) (16)

where:

Vn = (V −10 + hXΛ−1X)−1 (17)

and

βn = Vn(V −10 β0 + hXΛ−1Xβ̂(Λ)) (18)

with
β̂(Λ) = (X∗′X∗)−1X∗′y∗ = (X ′ΛX)−1X ′Λy (19)

The posterior distribution of h conditional on the other parameters in the
model is a Gamma:

h|y, β,Λ ∼ G(s−2n , νn) (20)

where:

νn = Nm+ ν0 (21)

and

s2n =
(y −Xβ)′Λ−1(y −Xβ) + ν0s

2
0

νn
(22)

Conditioning on Λ, the two full conditional distributions for β and h com-
bine data and prior information. Given Λ, the full conditional distributions of
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β and h are ascribable to a well-known analytical form, as in the traditional
linear model, the Gibbs Sampling algorithm can exploit this two densities
and constructs a stationary Markov Chain. The first part of simulation pro-
cedure has been defined. However, the full conditional posterior of Λ does not
take any recognizable form, then the joint posterior distribution p(β, h,Λ|y)
keeps remaining un-tractable since p(β, h,Λ|y) 6= p(β, h|Λ, y) · p(Λ|β, h, y) .
The inference related to the random parameters β, h and Λ has not been
possible yet: the prior distribution for Λ needs to be investigated in order to
design the second component of simulation.

When Λ is an unknown parameter, the elements of the matrix Ω in (8)
become random variables. The treatment of heteroskedasticity of unknown
form is a challenging task and involves the use of a hierarchical prior.

Introducing unknown heteroskedasticity increases the number of param-
eters to be estimated; if we treat Λ1, ...,Λm as completely independent and
unrestricted matrices, we would not have enough observations to estimate
each one of them. For this reason the exchangebility of Λi becomes an as-
sumption essential to deal with this high dimensional model. The prior for
Λ becomes:

p(Λ) =
m∏
j=1

fW (Λj|Λ0, νλ) (23)

which states that Λjs are different from one another but they are i.i.d.
draws from the same Wishart distribution (the hierarchical prior). The hier-
archical prior imposes a structure to the model that preserves flexibility and
makes estimation be possible. The use of a Wishart prior distribution allows
to turn out a linear regression model with i.i.d. Student-t error terms with
νλ > m degrees of freedom.

In other words :

εi|Λ−1i ∼ N(0, σ2
iΛ
−1
i ) (24)

Λi ∼ W (Λ0, νλ) (25)

εi ∼ t(0, σ2, νλ) (26)

The model becomes more flexible since Student-t distribution that is a
more general class of distributions that includes Normal density as a special
case (occurring when the degrees of freedom νλ tent to infinity).

Our treatment of unknown heteroskedasticity is equivalent to a scale mix-
ture of Normal. The error terms εi are distributed according to a mixture of
m different normal distributions. That is:
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εi =
∑
j

eij

(
αr + (Hj)

−1/2 ηij

)
(27)

where ηij is i.i.d N(0, Im) for i = 1, ..., N, j = 1...J and eij, αj and Hj are all
parameters. The eij is a dichotomous random variable and indicates which
distribution component in the mixture the ith error is drawn from.

eij =

{
1

0

if εj ∼ N(αj, Hj)

otherwise
(28)

Since it is unknown which component the ith error is drawn from, we
define pj = P (eij = 1) for j = 1, ...,m the probability of the error being
drawn from the jth component in the mixture. Formally it means that eij
are i.i.d draws from a Multinomial distribution

ei ∼M(1, p) (29)

where p = (p1...pm)′ is the probability vector p.
The assumption that Λi follows a Wishart distribution and that, given Λi,

the errors are independent Normal (0, h−1Λ−1i ) is equivalent to the assump-
tion that the distribution of error term ε is a weighted average of Normals
having different variances but the same means (i.e. all errors have mean
equal to zero). When we mix the error terms’ normal distributions using
fW (Λi|Λ0, νλ), they end up to be equal to the Student-t distribution. In-
tuitively, assuming that a Normal model is too restrictive, a more flexible
distribution taking a mixture (the weighted average) of Normals can be cre-
ated. As more and more Normals are mixed, as the distribution becomes
more and more flexible and can approximate any distribution with high de-
gree of freedom. Mixtures of Normal are powerful tool to be used when
economic theory does not suggest any particular form of likelihood function
and you wish to be more flexible.

However, this model uses a finite mixture of Normal and it cannot be
considered non-parametric in the sense that it can not accomodate any dis-
tribution, it is ”just an extremely flexible modelling strategy” (Koop [17]).

Parameter νλ is not known and Bayesian framework imposes to define a
prior distribution p(νλ). The prior of λ is specified in two steps, firstly we

specify p(Λ|νλ) =
N∏
i=1

fW (Λi|Λ0, νλ), secondly we define p(νλ); in this way

these two steps refer to a hierarchical prior model. p(Λ|νλ) and p(νλ) are the
features necessary to design the second part of the simulation procedure.

Let it focus on p(Λ|y, β, h, νλ) and p(νλ|y, β, h,Λ).
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p(Λ|y, β, h, νλ) =
N∏
i=1

p(Λi|y, β, h, νλ) (30)

where

p(Λi|y, β, h, νλ) = W
(

(νλ +m) [h(εiε
′
i)]
−1

+ νλ, νλ +m
)

(31)

Conditional on β, εi can be calculated and hence also the parameters of
the Gamma density can be sampled within the Gibbs sampler.

Problems arise in the derivation of full conditional posterior for νλ. Since
νλ is positive we assume as a prior an exponential distribution that is a
gamma with two degree of freedom:

p(νλ) = G(ν0, 2) (32)

Then, the full conditional posterior is:

p(νλ|y, β, h,Λ) = p(νλ|Λ) ∝ p(Λ|νλ)p(νλ)1 (33)

The kernel of the posterior conditional of νλ is simply (30) times (32):

p(νλ|Λ) ∝ p(Λ|νλ)p(νλ)

∝
(νλ

2

)Nνλ
2

Γ
(νλ

2

)−N
exp(−ηνλ) (34)

where

η =
1

ν0
+

1

2

N∑
i=1

[
ln |Λ|−1i ) + tr|Λ−10 Λi

]
(35)

The density derived in (34) is not again a standard one, so algorithm for
the posterior simulation of the degree of freedom need to be performed. The
simulation strategy is the following:

• Use Random-Walk-Metropolis-Hastings to simulate a sample from p(νλ|Λ).

• Given νλ, run Gibbs Sampling simulating p(β, h,Λ, νλ|y) using the
{νtλ} sample, p(β|y, h,Λ) in (16) and p(h|y, β,Λ) in (20).

1Since νλ does not eneter in the likelihood p(νλ|y, β, h, λ) = p(νλ|λ).
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The candidate generating function is q(ν
(s−1)
λ ; ν∗λ) = N([ν∗λ− ν

(s−1)
λ ], 0.2) and

number of replications are set equal to 11000.
Setting the number of replication equal to 11000 guarantees that the

chain takes enough steps to cover all the parameter space, diagnsotic proce-
dure shows satisfactory results: the convergence diagnostic tests performed
do not refuse the null hypotesis of convergence to the posterior density. Af-

ter discarding the first 1000 realizations, the chain
{
βi, hi, νiλ

}11000
i=1001

. The
sequence simulate a sample from the posterior p(β, h,Λ, νλ|y).

4 Empirical Results

Data refers GME daily data for the 2011 and they had been collected in
monthly dataset starting from January 2011 to December 2011. Each monthly
dataset accounts for 1.5 millions of raw observations and Bid pertaining the
demand side are about 400-450 thousand observations, the 20-25% of the to-
tal amount of offers. In each hour of the two years I ranked the bids according
to the merit order (price descending order); I included also the rejected bids
in order to have the estimation of elasticities relative to the prices of de-
mand curve lower than equilibrium price. These latter elasticities represent
in fact the real responsiveness to change in price of purchaser less incline to
buy. Then, I aggregated all inelastic bids (bids with submitted price equal
to 3000), computing in this way the market point of demand corresponding
to the intercept. Finally I derived the remaining downward sloping market
demand curve by horizontal sum of bids characterized by the same price.

At the end of the procedure each monthly Dataset accounts for a sample
size ranging from 15558 observations in February to 23148 observations in
November 2011. For each system of equations we derive the hourly-elasticity
for each day of the month by simply adjusting the coefficient related to the
log-price regressors through the coefficient related to the daily (iteration)
dummy variables. In this way we have derived all beta elasticity for each
hour and each day.

In order to have some statistical summaries we aggregated the later es-
timates in the hourly average elasticity for each month 2. Firstly, it can be
noticed that average elasticities vary within the hours of the day. In 2011
estimates go from a minimum value of from -0.14, recorded in September to
-0.0360 recorded in November Moreover, allowing the variance to differ across
observations of the same equations has led the peak hour elasticities to be,
on average, higher than off-peak ones. The model confirms the Bollino and

2For a comparison with estimates derived using an Homoskedastic model see [12]
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Bigerna’s results. Comparing to the off-peak estimates, peak hour elasticities
show higher variability, going from -0.14 to -0.0484, while the off-peak ones
vary between -0.070 and -0.0359. Secondly, in 2011 elasticities are higher
during the off-peak hours. In the peak hours period, electricity quantities
traded are greater than the average as it is shown by the previous tables and
confirmed by high frequency of congestion.

[Table 1 - Table 2 here]

As regards to zone segmentation, we computed average elasticities within
the group of hours having the same number of zone segmentation after con-
gestion. Estimates shows that during Peak hours higher elasticities has in
fact been recorded when the single market occurred. When the transmis-
sion constraints are violated, elasticity becomes lower and this is particular
evident during the peak hours. High levels of demand causing congestion re-
duces the responsiveness to change in price. Moreover, frequent congestions
during peak hour may suggest that electricity is an essential commodity
whose demand is stiff and whose consumption can not be postponed.

Off-peak estimates instead, do not show a well defined behaviour. During
off-peak hours electricity is allocated essentially for domestic uses and it
means that in this model end-consumers have take the same behaviour with
respect to market segmentation and the risk of congestion.

Elasticities aggregated by PUN percentiles are higher when lower levels
of price have been recorded. Lower price levels mean low quantities traded
and lower income levels. Then, as I said before, consumers with limited
expenditure availability (referring essentially to domestic user) have more
flexible behaviour given changes in price.

[Table 3 - Table 5 here]

The decomposition of average elasticities between peak and off-peak hours
shows that within peak hours, the lower elasticities were recorded when both
single market and maximum segmentation market (four zone division) oc-
curred. The lowest average elasticity was recorded in the presence of maxi-
mum segmentation of national market that gives evidence of higher levels of
demand and income. As we said before, high levels of expenditure availabil-
ity affect demand elasticity reducing the responsiveness to change in price.
Moreover, congestions during the peak hours may suggest that electricity is
an essential commodity whose demand is stiff and whose consumption can
not be postponed.

[Table 6 - Table 10 here]
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5 Conclusions

The models proposed highlights that buyers in the Italian Wholesale Elec-
tricity Market react to change in price since the estimated elasticities are
different from zero.

Moreover, the estimates differ from one another during the day, on the
strenght of the level of electricity loads, the market segmentation structure
and the levels of PUN.

In the Heteroskedastic Multivariate Linear Model, the elasticities recorded
during peak hours are higher than Off-Peak estimates. Moreover buyers man-
tain their higher reactivity to changes in price when there is not congestion
and when PUN records low values.

Further development of the research may be the application of the het-
eroskedastic model to the data referring the 2012. Moreover, also the com-
putational part can be implemented. Heteroskedastic model represents a
novel in the empirical analyses, but the multi-dimension of the inferential
problem made the construction of the algorithm the most challenging task of
my thesis. The heteroskedastic model designs for empirical data a statisti-
cal framework rigorous and detailed. However, posterior simulation requires
the discretional choice of the proposal density and the tuning of its param-
eters, first of all the variance, affecting the behaviour of the chain and the
resulting posterior. Running the procedure with other parameters and al-
ternative functional forms of the candidate generating density could be a
possible development in order to make a comparison between the different
derived estimates.
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6 Tables

Tab. 1: Hourly Average Elasticity. 2011.

Tab. 2: Average Elasticity by Quarter. 2011.
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Tab. 3: Monthly Peak Average Elsticity by PUN Percentile. Jan.-Jun.2011

Tab. 4: Monthly Average Elsticity by PUN Percentile. Jul.-Dec.2011

Tab. 5: Average Elsticity by PUN Percentile. 2011
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Tab. 6: Average Elasticity by Zone Segmentation. 2011.

Tab. 7: Average Peak Elasticity by Zone Segmentation. Jan.-Jun. 2011.

Tab. 8: Average Peak Elasticity by Zone Segmentation. Jul.-Dec. 2011.
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Tab. 9: Average Off-Peak Elasticity by Zone Segmentation. Jan.-Jun. 2011.

Tab. 10: Average Off-Peak Elasticity by Zone Segmentation. Jul.-Dec. 2011.
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